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Abstract: Since many facts about the natural numbers N in the number theory had
been established with the usual divisibility that is defined on N. Then to connect these
facts with some topological properties on N for some topologies that are defined on N,
some topologies, that depend on the divisibility, have been defined. In this paper, we
study a topology that is defined on N and also depending on the usual divisibility, this
topology is the topology that contains the set of all downward closed subsets of N and
it is called downward closed topology on N. Furthermore, The relation between the
divisibility and the limit points, and the topological relation between the levels of N

have discussed.
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1- Introduction

In [5], we have used the upward
closed topology that is defined on N to
connect the usual divisibility that is
defined on N with the limit points.
Furthermore, the relation between the
divisibility and the limit points, and the
topological relation between the levels
of N, which is the numbers that are in
the up levels are limit points to the
lower levels, have studied.

In this work, we introduce a
topology and study The relation
between the divisibility and the limit
points, and the topological relation
between the levels of N.

(a) Numbers concepts

If the set of natural numbers N has
been given. We say that a € N divide
beN if there is ¢ €N such that
b = a.c and we denote that by a|b. For
all a,b € N we say that ¢ € N is the
greatest divisor of a and b if c|a, c|b and
if dja, d|b then d < ¢, and we denote that
by (a,b) =c.Ifa€Nand ais divided
by 1 and itself, then we say that a is
prime number and we denote the set of

prime numbers by P. If (a,b) =1,
a,b € N we say that a and b are relative
prime.

Lemma 1.1 [2] Every n € N,n > 1,
is divisible by a prime number.

Theorem 1.1 The Unique Factorization
Theorem [2]

Any natural number greater than one
can be written as a product of primes in
one and only one way. i.e. for any
n € N,n > 1 can be written in exactly
one way in the form

n = p;“p,° ... ....p %k where,e; = 0,
piEPi=1,2,.... ,kand p; # ;-

We call this representation by the
Prime-Power Decomposition of n.

One of the results to the Unique
Factorization Theorem, we can divide
the set of natural numbers into infinitely
many levels L;, where i > 0 such that
Lo={1},

L; ={a;.ay ......q;: a4, ay, ... ... ,a; EP}
wherei > 1.

N=U2Z,L; andL; n L; =@, where
i#j(NZoLi = 0).

Foranya € N,
at={n eN: a|ln}={ma:meN}
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The collection of upward closed subset
of Nisp={AcS N: A=A4T1T}
where AT= {n € N: 3a € A,a|n}
For more details, see [4].

(b) Topological Concepts[3,6]

If X is any set, the collection 7 of
subsets of X is called topology on X if
satisfying the following conditions: the
empty set @ and X belong to t, arbitrary
union of elements of t belongs to 1, and
any finite intersection of elements of t
belongs to 1. We say that (X,7) is a
topological space. A subset U of X is
called an open set if U € 7, and a
subset F of X is called closed if
X—FE€erT.

A collection 8 c 7 is called a base
for a topological space (X, 1) if
7= {UgenB :nc B}

A limit point of a set A in a
topological space X is a point x € X
such that each open set contained x also
contains some points of A other than x.
i.e. An (U —{x}) = 0, for any open set
U, x € U, the limit points of a set A
denote by A. A set A is closed if and
only if contains all of its limit points.
Closure of a set A is denoted by A, and
defined by A= AUA. The set 4 in a
topological space X is dense if A = X.

Lemmal.2 [5] The collection of upward
closed subsets of N defined topology on
N i with the base B={n T: n eN}.

We denote to a topological space N with

pby (N, p).

Lemma 1.3 [5] In the space (N, u) of

upward closed subset of N:

(a) ais a limit point for {b} if and only
ifalb,a # b.

(b) {a} = {n € N:n|a,n # a}, for
any a € N.

(c) nisalimit point for A if and only if
there exists a € A, nla, and n # a.
(dA'={neN:Ja€eAin|an #a}

forany ACN.

2- Downward closed subsets of N

Some of the subsets of N contain all
the numbers that are divide their
numbers, these sets are called downward
closed subsets of N and the set that
contains all of the downward closed
subsets of N is called the collection of
downward closed subsets of N as it will
be defined in the following definition.
Definition 2.1 [1] (a) For any a € N,

a l= {n € N:n|a}.
(b) The collection of downward closed
subsetof Nisv ={AcSN: A= Al}
where A |= {n € N: 3 a €A, nja}.

Example 2.1 1 1= {1},3 1= {1,3},
Pl=Pu{1},{1,2} I={1,2},
(Pu{1})i=(Puf{l})
Lemma2.1(a) AS A |, forany A C N.
(b)1 € Aforany A € v,A # 0.
(c)9,Nev

(d)Lijg vforalli>1.

Proof: (a) Obvious.

(b) Obvious.

(c) It’s clear that is N € v,

If there exists n € @ |, then there exists
a € @ such that nla, but this is
impossible,son ¢ @ land @ =9 {.
@dLil=Ui,Lforalli>1. m

Lemma 2.2 (a) A€ pforany A € v.
(b) A€ € v forany A € .

Proof: (@) Let AS N, Aev. IfA=@or
Nthen A°=Nor @,so A€ . IfA+ @,
N, letn € N, a|n for some a € A®, and if
n € A=A |, then there exists b € A, n|b,
so alb, a €A, so we have a contradiction.
Thusn € A, A°= A1 and A°€

(b) Similar to (a) =

Lemma 2.3 (a) nl,A ! are downward

closed sets foranyn € N,A € N

(b) If A is downward closed then

Al=@A 1 L

Proof: (a) Obvious.

(b) LetA € v,

(Al l={neN:3a€A|, nja}
={neN:Ja€cAnna}=Alnm
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Lemma 2.4 (a) If ny, ny € N, nyjn,, then
for any A€ v contains n, contains also n;
(b) If n, n, € N, ngjnythenng [S Ny |
Proof: (a) Let n;, n, € N, ngjn,,

and let A € v, n, € A, so there
exists a € A, nyja, and nsja. Thus

ni € A.

(b) Letny, n, € N, ny|n,, and letn € ny |,
S0 n|ny, and njn,. Thus n € n, |, and

nll c nzl. ||

Lemma25(a) IfASB,thenA |SB |
forany A, B € N.
(b) IfA,Bev, thenANBEY,
(N, A;€v, where Ajev,i=1,2,..,n).
(c)IfA,Bev, thenAUBE Yy,
(UL, 4;€ v, where Ajev,i=1,2.,n).
(d) U2, A€ v, where Ajev,i=12,...
Proof: (a) Let A, BS N,AS B,n €N,
n € A |, so there exists a € A, nla, so
aeB, neB|.ThusA |[SB|.
(b) Let A, B € v, then
(AnB)|={n€N:3a € AnB,nja}
={neN:3aecA na}n{neN
Ja€B, na}
=A|NB|=ANB.
(c) Let A, B € v, then
(AuB)|={neN: 3 a e AUB,nja}
={neN:Ja€cA nna}u
{neN:3aeB,n|a}
=A|UB|=4AUB
(d) Similar to (c) m

Theorem 2.1 (a) If A € N is downward
closed set, then A=U,c4a !
(b)yv={Ugesaal: Aev}.

Proof: (a) Let A < N is downward
closed set, and n € A, then there exists
a € A such that nla, son € a |, and
N € Ugeqa L. Thus

AC Ugeaa !

On the other hand, if n € U, a !, then
there exists a € A, n €a |, so n|a, and
neA|. Thus Ugeqa LS4 =A. Therefore
A= UaeA al

(b) By (a) and definition of downward
closed m

Theorem 2.2
0,1,2,...
of N.

Uk,L; , where k=
are downward closed subsets

Proof : Let L; be any level of N, where
j >k, and letn € L; then,

n=a;" a,".... q;"/ where,
ny+n,+--+n;=j,and

ai, Ay, e e ,a; € P, son can’t divide
any number in L;, where i <k. Thus
(UL, L) |=Uk L forallk=0,12,...
|

3- Downward Closed Topology On
N

The collection of downward closed
subsets of N define topology on N. This
topology gives a connection between the
usual divisibility that is defined on N
and the limit points in way similar to the
way that gave in the upward closed
topology that was defined on N.
Moreover, in N with this topology the
numbers that are in the up levels are
limit points to the lower levels.

Lemma 3.1 (a) The collection of

downward closed subsets of N define

topology on N.

(b) The collectionB={n |:n € N}isa

basis for v.

Proof: (a) Letv={A S N: A=A |}

whereA |={neN:JaeAnfa}.

(1) Since N|=N, ¢=0@|, then N, @ v

(2) If Ay, A,, ..., A, € vithen by (Lemma

25)(b)) Nz, 4; €v

(3) Let A, €ev,y €T, then 4, 1= 4,

Vy el and

(Uyer4y)l={n € N:3a Uyer 4y, n|a}
=Uyerin EN:3a € 4,,nla}
:Uyel"(Ay J’) = Uyel"Ay

SoUyer A, € v. Thus, v defined topology

on N

(b)By (Theorem (2.1) (a)) for any A € v,

A=Upean L.Thus B is a basis for v. m

We denote to a topological space N with
vby (N, v).

Lemma 3.2 In the space N with
downward closed topology.

(a) ais a limit point for {b} if and only
if bja, a #b.
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(b){a} ={n€ N:a|n, n #a},for any a eN.
(c) n'is a limit point for A if and only if
there exists a € A, an, n #a.
(dA={neN:3a€A ann+a}for
any A N.
Proof: (a) (=) Leta, b € N, a is a limit
point to { b }, since a | is an open set,
aeal.So{b} N(a|—{a})#0, and
bea]. Thusbla,a#b.
(&) Leta,b e N, bla, a#b, and let U is
an open set,a € U, by (Lemma (2. 4)(a))
we have b € U, so {b} N (U —{a}) # 0.
Thus, a is a limit point to {b}.
(b) By (@) If n e N, aln, n £a, thenn is
a limit point to {a}. Thus
{a} ={n € N: a|n, n #a}.
(c) () Letne N, AcS N, nis a limit
point to A, since n | is an open set,
n € nl, so AN(n}—{n}) # @, and there
existsa€e A, n|,ajn,n#£a
() LetAc N,ae AneN,an n+#a,
and let U is an open set, n € U. By
(Lemma (2.4) (a)) we have a € U, so
AN U —{n})# @ Thus, nis a limit
point for A.
(d) By(c)ifaeA, an,n#a, thennis
a limit point for A. Thus
A={neN:Ja€cA ann+a}m

Corollary 3.1 In the space (N, v), for
any ne€N,n>1 nisprime number
or a limit point to{n;} for some i where
n; is prime number.

Proof: By (Lemma 1-1) and (Lemma
32(@)m

Corollary 3.2 In the space (N, v).

(a) If a|b, then {b} c {a}

(b) Forany A € N, A’ is upward closed
subset of N.

Proof: (a) Let ajb, and n € N, n € {b},
then by (Lemma 3.2 (a)) b|n, so ajn, and
by (Lemma 3.2 (a)) n €{a}. Thus

{b} c {a}.
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